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Compliant mechanisms: motion without joints

0 0 1

backlash frictional joints ~ monolithic body

The design question

Make the desired motion easy; make
parasitic motion expensive.

NIST flexure-based hexapod nanopositioner (physical prototype). » Precision through elastic deformation
» Function encoded by stiffness

» Mobility without discrete joints
Image: Fig. l(a), Shi, Su and Dagalakis, Mechanism and Machine Theory, 80:246—264, 2014; NIST-hosted publication.
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Mobility is a subspace before it is a number

Rigid-link baseline A compliant mechanism asks more

» Which translation or rotation?
» Where is the motion axis?

M=Xn—-1-j)+Y f

» [s the screw pitch finite?
» How large is the stiffness gap?

dimension gives the count
basis gives the design meaning

Rigid mobility count: Waldron, Kinzel and Agrawal, 2016. Compliant-space interpretation: Su, J. Mechanisms and Robotics,

3:041010, 2011; Zhang, Su and Liao, Mechanism and Machine Theory, 79:80-93, 2014.
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Constraint-based design: place stiffness deliberately

* Wire Flexure = one translational constraint "
* Ideal Sheet Flexure = three translational

* constraints

]
P

> Ve [N

Intersecting constraints leave rotation.

Wire: one dominant Sheet: three dominant ey
constraint constraints [~ Instant Center L1 e S
l_ - ? Instant
Centerat —
2 Infinity
Geometry creates separation el|, | ™
FIGURE 1.10.1
kX ( / > 2 ky w 2 Parallel constraints leave translation.
L) £
z t = t

Constraint-based design: Blanding, Exact Constraint, 1999; flexure interpretation from the lecture notes.
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Ball's 1876 idea still organizes modern design

1876 2009 2011 2014 2026
@ @ @ @ L ]
Ball's Type Mobility Finite Unified p Q
treatise synthesis algebra stiffness loop

A screw unifies rotation, translation, axis
location, and pitch in one geometric object. ¢

Y r

Historical anchor: Ball, A Treatise on the Theory of Screws, 1876/1900. Modern compliant-mechanism bridge: Su, Dorozhkin
and Vance, ASME DETC2009-86684, 2009.
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Twists describe motion; wrenches describe action

Motion screw: twist Action screw: wrench

= ’ s = F u
T = = W = =
\Y) r X s+ hs M rxu+ hyu
» axis direction s » force direction u
» axis point r » line of action r
» pitch h » wrench pitch h,
freedom space = span of twists constraint space = span of wrenches

Notation follows the lecture notes and Ball, A Treatise on the Theory of Screws, 1876,/1900.
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Reciprocity converts desired freedom into required constraint

Zero virtual work

ToW=VF+TM=TTAW =0

(a) two parallel lines  (b) two intersecting lines  (c) two skew lines

The same DOF count can represent different screw
systems.

C=null(TTA), F=nul(WTA)
dimF +dimC =6

Reciprocal-space design and geometry: Su, Dorozhkin and Vance, ASME DETC2009-86684, 2009.
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01 | ANALYSIS

Mobility
analysis

For a given mechanism,
what is its freedom space?

Mobility analysis identifies the dimension, directions, and locations of the allowable motion screws.



Constraint-pattern analysis: encode the sheet as wrenches

ANALYSIS

Each ideal constraint is a line-force wrench

" = F:
Yy 4 W, = i
g ri X F;
Ideal sheet flexure

(a) constraint space (b) freedom space

(rl’ Fl) = (eX7e}/)7 (I’z, F2) = (_exae}’)a

(r3,F) = (0.0

Sheet plane: xy, normal: z. The two
parallel y-constraints pass through x = +1.

W:[Wl Wz W3]: , rank W = 3.

OO oo
o olo o
[eNoNelleNeN

-1
Ideal sheet-flexure constraint space: Su, Dorozhkin and Vance, ASME DETC2009-86684, 2009.
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Reciprocity reveals the complementary freedom space

Ideal sheet flexure

(a) constraint space (b) freedom space

1 0 0

0 1 0

g To(R R B |20 0

00 1010 i 0 eyl 10 000

00 -1010 sl =10 0 0 0

00 0100 5 0 0 0 1
y
5,

rank T =3
5y + 0, = 07 5y — 0, = 07 0x=0 two rotations normal translation

Constraint-pattern analysis and reciprocal freedom basis: Su, Dorozhkin and Vance, ASME DETC2009-86684, 2009.
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Every flexure enters as a screw-system primitive

ANALYSIS Flexure 7] (motion) (V] (constrainn)
B 100 100
000 000
M=o 0 1 Wil=1o 0 o
El g .F 000 001
ement Interrace HE

; : 1000 0 1

» Tl = 00000 Wl = 0

00001 0

wire flexure

(Te, W,), T.AW. =0 , H
wl=

rotational notch hinge

> geometry stays local y oo oo
; . ’ w10 ool M=o 00
» motion and constraint are dual S AR 000

1o

= {:l | =g
00 1
ln 00

» rank records independence =

rotational symmetric cylnder

cocoo-

blade wire notch
Flexure screw-system library: Su, J. Mechanisms and Robotics, 3:041010, 2011.
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Analyze top-down; assemble bottom-up

Decompose Transform Assemble
Model
mechanism into . —> express all screws concatenate
assign local T, W,
flexure modules in one frame by topology

Geometry enters here One common frame

R 0] T'=AdT, W=Ad"W

Ad(R,d) = [[d]XR R

Without this step, rank tests mix incompatible coordinates.
Mobility workflow: Su, J. Mechanisms and Robotics, 3:041010, 2011. Coordinate transforms are the same adjoint operators

used in compliance assembly: Su, Shi and Yu, J. Mechanical Design, 134, 2012.
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Serial chains add motion spaces

ANALYSIS
Serial assembly

Tor = [Adi T Ado Ty -+ Adp o

functional bod,
flexure element 3

intermediate body 2

4 E’M:

flexure element 2

flexure element 1

fser = ran k(Tser)

. reference body intermediate body 1
» concatenate candidate freedoms

A serial chain contributes the union of its

» remove dependent columns .
transformed motion spaces.

» retain the full twist basis
Serial mobility assembly: Su, J. Mechanisms and Robotics, 3:041010, 2011.
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Serial example: two blades give five independent freedoms

functional body

P e by Each ideal blade

rank(T;) = rank(T2) =3

After transformation and reduction

rank([Ad1 T]_ Ad2 T2]) =5

3+3£6

One candidate motion is already in the span of the

others.
Two-blade worked example and rank method: Su, J. Mechanisms and Robotics, 3:041010, 2011.

intermediate body
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Parallel chains add constraint spaces

ANALYSIS
Parallel assembly S
-T -T
Wpar = [Adl W]. T Adm Wm] £

5..0.

Coar = rank(Wpap),  Fpar = null(W]_ A)

par

reféfénce body

constraints combine
Parallel mobility assembly: Su, J. Mechanisms and Robotics, 3:041010, 2011.
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Parallel example: one DOF has a location

Five independent constraints

rank(Wpar) =5 = dimF =1

The surviving twist

= d ¥ T
TL—[O 0 1 _ECOt<E> 0 0}

Rank gives the count.

The twist gives the remote center.
Two-blade pivot: Su, J. Mechanisms and Robotics, 3:041010, 2011.
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02 | QUANTITATIVE

Mobility from
stiffness

Ideal constraints become finite stiffness
ratios

instant rotation center
<

¢ ™. Front view
“x

‘motionfstage

Top view of the stage

Generalized eigentwist/eigenwrench decomposition of C = K~!. Source: Zhang, Su and Liao, Mechanism and Machine
Theory, 79:80-93, 2014.



From stiffness to six compliant screw axes
QUANTITATIVE

Engineering SVD view

K=UxU", cCc=K"!

small o; = compliant screw direction

Generalized compliance decomposition

_ _ ~ —
CWsi = c5iT1 Wi, Tsi = T1Ws;
CT1Toi = coi Toi 3 translational axes

3 rotational axes
Normalized symmetric stiffness: singular/eigen directions identify soft

versus stiff axes.

Generalized eigentwist/eigenwrench decomposition: Zhang, Su and Liao, Mechanism and Machine Theory, 79:80-93, 2014.
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A spectral gap turns six finite compliances into N freedoms

A B C
Make translation and rotation ‘ ’ o J
comparable T
-2 //
=~ _ ~ _p ‘ .
Csi = Csis Coi = IZcoi 31 S “
—— _ -
-4
Order, normalize, classify : " -
Geometry changes the spectral gap.
= N=3—-+5—+3—14
€ > > G, CRi = =
c
m=#{CR; < ¢}, N=6-—m

Typical first pass: € = 107> to 1072,

Scaled-compliance mobility criteria: Zhang, Su and Liao, Mechanism and Machine Theory, 79:80-93, 2014.
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03 | SYNTHESIS

Moblllty
synthesis

Desired freedom space — realizable
flexure architecture

Reciprocity selects constraints; element equivalence expands the design catalog. Sources: Su, Dorozhkin and Vance, ASME

DETC2009-86684, 2009; Su and Yue, Mechanical Sciences, 4:263-277, 2013.



Synthesis is mobility analysis run backward

SYNTHESIS 1. Specify T,

\ 4

Specify the target 2. Compute reciprocal constraints
\ 4

3. Restrict to realizable primitives
Faq = range(Ty) v

T = nuII(TIA) 4. Locate independent screws

\/

5. Verify rank and reciprocal null

Verify the realization space
Y

\6 Size and validate

range(W) = Cq,
rank(W) =6 — n

Reciprocal-space synthesis: Su, Dorozhkin and Vance, ASME DETC2009-86684, 2009.
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A wire is a line screw

ball joint

wire flexure

reference body

rigid body
(b)

z
reference body

(a)
u

r
l

pure-force wrench
along the wire axis

Wire line-screw realizability: Su and Tari, J. Mechanical Design, 132:121002, 2010.
| Summer Screws 2026

Su | Screw Theory to Compliant Mechanisms

Wire constraint wrench
Line-screw condition

FTM=0, F#£0

Necessary design test

The reciprocal space must contain 6 — n
independent line wrenches.
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Typical wire-flexure designs span 1-5 DOF

dudyidrda ot dd
S dr ey

a.H

da oy

RPII

18 realizable spaces 1-5 DOF worked next: H.H,

Fig. 3: 18 realizable orthogonal motion spaces, 1-5 DOF: Su and Tari, J. Mechanical Design, 132:121002, 2010.
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Worked synthesis: prescribe two helical freedoms

1. Desired motion space 3. Restrict each constraint to a wire

FIM=0 = —p.F?—p,F2+ F.M, =0,
FZ+F2+F2+#0.

4. Choose four solutions

I = span{?—l\x,/.‘-\ly}, Ty =

coP ocoor
o¥ ocoro

. . i|Fx F, F, | My M, M,
2. Enforce reciprocity 1 | 0 1 | o 0 n
For W = [F; M], ot I/
3o 1 1|0 —p p
Tai M+ pcFx] 4/0 1 1| 0 —p, —py
TaBW = [My + PyFy} =t
My = —pxFx, MyzfpyF}"

Four reciprocal line wrenches are obtained.
Two-DOF helical-motion synthesis, Sec. 4.3: Su and Tari, J. Mechanical Design, 132:121002, 2010.
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Assemble, verify, and place the four wires

Assembled constraint matrix Recover each physical wire line

1 1 0 0
0 0 ! d M,':I‘,'XF,'7 I',':iFIXMI.
Wy = |1 711l Fi
Y —Px  —Px 0 0

0 0 —Py —Py i F; ‘ 7

Px —Px Py —Py 1| (1,0,1) | (0, —px,0)
2|(1,0,—-1)| (0, px,0)
3| (0,1,1) | (py,0,0)
41(0,1,-1) | (=py,0,0)

Synthesis proof (p.p, # 0)

T _ T™T™M. — E
TgAWy 4, =0, F/M; =0, Physical result

rank(W =4. . . .
( HXHY) Four parallel wires along these lines give

n“”(WLXH A) = range(Ty) = 5,;,;3,1{/[-\&7 ﬁy} 6 — rank(Wy 1, ) = 2 and leave exactly the
7 HxH, motion space.

Line-wrench realization of HyH,: Su and Tari, J. Mechanical Design, 132:121002, 2010.
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Type synthesis of a compliant P, joint

SYNTHESIS

1. Prescribe the freedom

Te=[0 0 0 1 0 0]

a7 TS 00 0 O 0
TpAW =0 =— F.=0 110 0 1
Wp = [ Wy W5 W, Ws] = 8 8 é (1) _01
o o - —1
2. Restrict to line-force constraints PO

—

W=1[0 f & m m m] : : o
. . o 3. Verify the synthesized mobility
F'IM=fm, +£m =0 f+£+0

rank(Wp) =5,
null(WEA) = span{/f_p}.

Compliant prismatic-joint type synthesis: Su, Dorozhkin and Vance, ASME DETC2009-86684, 2009.
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One P, screw space, three physical realizations

pure
translation

sheet

translation
flexure 1 flexure 2

pure
translation

W,

X

reference

reference
body

body

reference
body
(a) (b)

(b)

Five wires — one sheet + two wires Redundant /V\76 — two parallel sheets
Equivalent constraint-space Benign redundancy preserves P,
substitutions

We=[o 1 0/-1 0 1]T
Wp = [W;--- Ws], — Wyt s — Wy
Cs, = Span{/W1,/M73,W5}. rank[Wp Ws] =5,

nuII([Wp W@]TA) = span{?p}A

= =
The remaining W>, W, stay as wire flexures.

Equivalent wire and sheet-flexure realizations: Su, Dorozhkin and Vance, ASME DETC2009-86684, 2009.
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Flexure primitives: motion and constraint spaces

Flexure | Freedom Sym bol | rl w1
B S
~7" ] R %] [Fo B Foom,om)
&P‘ g ¢ %
Notch/Living Hinge Short Beam _ Split Tube
¥ Y
x
x
% % s=3R [ & 7 [F. 7, £l
Spherical Notch Short Wire/Rod
B=2RP [Ro R P [Eo F, oMy
M= 3
BladeSheet Rotational Disc Coupling
LealSpring__Symmetic Cylinder
, W =3R 2P [Re Ry R P, Py [
B,=2R 3P [Re R, P, Py P [m,]

Bellow Spring

Table 1: primitive freedom and constraint spaces: Su and Yue, Mechanical Sciences, 4:263-277, 2013.
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R-joint catalog: same motion, different embodiments

FEE® B
Sl

» blades, wires, notches, bellows

Equivalence principle
d P P » exact or deliberately redundant constraints

» choose embodiment after the subspace
range(Tait) = range(Ty)

Element catalogs: Su and Yue, Mechanical Sciences, 4:263-277, 2013.
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P-joint catalog: eight parallel realizations

Without bellows springs
(a) 2B (b) B-2W  (c) 5W

AN
' With bellows springs B;
(d) Bs-B-W () B-4W
(f) 2B-B  (g) 2B--3W
@ 0 (h) 3B.-2W

. Jm
i

LN Every architecture removes five independent motions
© ) and preserves the translation indicated by the arrow:

Equivalent freedom spaces

=

range(T;) = - -- = range(Tj) = span{P}.
Fig. 5: eight parallel P-joint designs: Su and Yue, Mechanical Sciences, 4:263-277, 2013.
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Complex flexures follow the same two topology rules

Serial PPP Parallel P-constraints Parallel R-constraints
adds three translation spaces remove translations; leave rotations remove rotations; leave translations
Serial adds freedom Parallel adds constraint

Element composition examples: Su and Yue, Mechanical Sciences, 4:263-277, 2013.
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Conclusions

1 Constraint-based design 3 Mobility analysis

Place high-stiffness directions deliberately; the Known elements and topology — transformed
complementary subspace is the intended motion. screw bases — rank and reciprocal null space.
2 Screw theory is the algebraic bridge jll 4 Mobility synthesis

Twists encode freedoms, wrenches encode Desired twist space — reciprocal constraints —
constraints, and reciprocity formalizes realizable flexure architecture.

complementary patterns.

" desired motion | | screw reciprocity q topology stiffness check |
freedom space constraint space physical flexures finite geometry

-

Questions? su.298@osu.edu
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Backup: adjoint transformation in one line

Rigid transform (R, d) A y'

Ad(R,d)—{ R 0} )

R R

Dual transformation

T'=AdT, W =AW

> X
All columns must de-
scribe the same stage
frame before rank
or null-space tests.
Coordinate convention used throughout Su, J. Mechanisms and Robotics, 3:041010, 2011; Su, Shi and Yu, J. Mechanical
Design, 134, 2012.
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Backup: serial two-blade rank reduction

functional body

reference body

sheet flexure 2
-

sheet flexure |
intermediate body

Assembled candidate matrix

Ve = [Adl Ty Adz Tb] (S RSXG

Row/column reduction

Tser ~

OO oo ow

[eNoNeNol el

Two-blade rank reduction: Su, J. Mechanisms and Robotics, 3:041010, 2011.
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= rank =5
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Backup: Criterion 2 needs an absolute compliance scale

motion
stage X(x2)
V() (02

4.
m=20
i N — 07 El é Ce
0, El > Ce
»i
s > relative ratios alone are ambiguous
) X1 \
¥ » absolute compliance is application-dependent

\wire flexure » |oad scale belongs in the mobility decision
Criterion 2: Zhang, Su and Liao, Mechanism and Machine Theory, 79:80—93, 2014.

| Summer Screws 2026

Su Screw Theory to Compliant Mechanisms

When no relative spectral gap exists
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Backup: extension to 3-DOF translational compliant platforms

Su

Desired platform freedom

Reciprocal platform constraints

Th re:e—

4

-l

Cq = span{three pure couples}

. enumerate admissible limbs

1
2.
S

satisfy assembly geometry

. substitute equivalent flexures

verify rank and spectral gap

Screw Theory to Compliant Mechanisms

translation type synthesis: Yue, Zhang, Su and Kong, J. Mechanisms and Robotics, 7:031012, 2015.

Summer Screws 2026
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Backup: selected publications behind the framework

Mobility analysis and synthesis

» H.-J. Su, D. Dorozhkin and J. Vance, screw-theory type synthesis, ASME DETC2009-86684.
» H.-J. Su and H. Tari, orthogonal motions with parallel wire flexures, JMD, 2010.

» H.-J. Su, mobility analysis via screw algebra, JMR, 2011.

» H.-J. Su and C. Yue, freedom/constraint element catalogs, Mechanical Sciences, 2013.

Quantitative compliance and extensions

» H.-J. Su, H. Shi and J. Yu, symbolic compliance analysis and synthesis, JMD, 2012.
» Y. Zhang, H.-J. Su and Q. Liao, mobility criteria from compliance decomposition, MMT, 2014.

» C. Yue, Y. Zhang, H.-J. Su and X. Kong, 3-DOF translational compliant parallel mechanisms,
JMR, 2015.
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	Appendix

